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The QCD Λ–parameter

RENORMALIZATION GROUP: µ ∂ḡ
∂µ

= β(ḡ)
ḡ→0∼ −ḡ3(b0 + b1ḡ

2 + b2ḡ
4 + . . .)

Λ ≡ µ
[
b0ḡ

2(µ)
]−b1/(2b20)

e−1/(2b0ḡ
2(µ)) exp

{
−
∫ ḡ(µ)

0
dg

[
1

β(g)
+

1

b0g3
− b1

b20g

]}Aim:

exact equation (for any Nf ) ∀µ in mass-independent scheme

trivial scheme dependence ΛX/ΛY = const.

use a suitable physical coupling (scheme) to compute Λ ḡ2
qq, ḡ

2
SF, ḡ

2
GF, . . .

(defined ∀µ, regularisation independent, . . . )

Requires: non-perturbative β(ḡ) to cover wide range of couplings
over intermediate energies µ ∈ [µmin, µmax] µmin↔ µmax

intermediate, massless finite-volume renorm. scheme
+

continuum finite-size scaling (µ = 1/L)

Here:

• Schrödinger functional scheme (SF)
• Nf = 3
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The traditional strategy
SCHRÖDINGER FUNCTIONAL (SF) as intermediate FV renorm. scheme, µ ≡ 1/L

for any physical coupling scheme:

Λ

fK
≡ 1

[fKLmax]
· Lmax

Ln
· [LnΛ]

Pattern:

CONTRIBUTION TO TOTAL ERROR BUDGET:

scale setting observable fK (input) ∆fK ' 0

hadronic low energy scale Lmax = 1/µmin ∆[(afK)(Lmax/a)]a→0 ∼ 1%
[Bruno,Tue-P3B]

continuum step-scaling function σ(u):  error accumulation per step:
Lmax → Lmax/2→ · · · → Lmax/2

n = Ln ∆σk , k ∈ {1, 2, · · · , n}

σk = lim
a→0

Σ(uk, a/L) , uk = ḡ2(Lk)
• cutoff effects

• statistical accuracy

• RG scaling

safe use of PT at high energies Ln = Lmin ∼ (64 GeV)−1 ∆PT[LnΛ] ' 0

so far: ḡ2
SF(L) but there are advantages of the gradient flow . . .
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A comparison

(
∆Λ

Λ

)2

∝
∑
k

(
∆L

L

)2
∣∣∣∣∣
σk

, with

∣∣∣∣∆LL
∣∣∣∣ =

∆ḡ2

2ḡβ(ḡ)
∼ ∆ḡ2

2b0ḡ4
∼ 1

ḡ2

[
∆ḡ2

ḡ2

]
in the continuum

Step-scaling error budget:

topic SF coupling GF coupling remark

DEFINITION ḡ2
SF(L) = k〈 ∂Γ

∂η
〉−1
η=0 ḡ2

GF(L) = 〈t2E〉/N [A.Ramos, Fr. 10:15]

SF boundary field 6= 0 = 0

PT MATCHING ∼64 GEV 3-loop 2-loop GF @ higher energies

TYPICAL # MEAS. O(100 000) O(1000) ∆ḡ2SF'∆ḡ2GF

(τint, V , . . . ) (L∼0.4fm)

CUTOFF EFFECTS mild rather large (so far) [S.Sint, P7E, 15:55]
2-loop improvement unknown
⇒ L/a ≤ 12 ⇒ L/a ≥ 8 a→ 0

∆ḡ2/ḡ2 ∼ ḡ2 const.

⇒ ∆L/L const. ∼ const/ḡ2

Summary X small volume × small volume
× large volume X large volume

+ min(COMPUTING COST) + max(CONTROL SYSTEMATICS) ⇒ our new strategy
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∆ḡ2

ḡ2
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2b0ḡ4
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SF(L) = k〈 ∂Γ

∂η
〉−1
η=0 ḡ2

GF(L) = 〈t2E〉/N [A.Ramos, Fr. 10:15]

SF boundary field 6= 0 = 0

PT MATCHING ∼64 GEV 3-loop 2-loop GF @ higher energies

TYPICAL # MEAS. O(100 000) O(1000) ∆ḡ2SF'∆ḡ2GF
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∆ḡ2
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Summary X small volume × small volume
× large volume X large volume

+ min(COMPUTING COST) + max(CONTROL SYSTEMATICS) ⇒ our new strategy

P. Fritzsch CU, NYC, June 2014 5



A comparison

(
∆Λ

Λ

)2

∝
∑
k

(
∆L

L

)2
∣∣∣∣∣
σk

, with

∣∣∣∣∆LL
∣∣∣∣ =

∆ḡ2
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Combine SF and GF running couplings

1 10 100 1000

1

2

3

4

5

6

µ/Λ

g2

point 6 + 7 to be finished soon

preliminary results follow

1 physical scale Lmax from LV (CLS) runs
[TLI LW gauge action + Wilson fermions]

ḡ2
GF(Lmax) = umax ⇔ Lmax

2 step scaling Lmax → Lmax/2→ . . .

ḡ2
GF′ (Lmax/4)

3 step scaling Lmax/4→ Lmax/8→ . . .

4 switch scheme at scale Lswi

5 match ḡ2
SF & ḡ2

GF non-perturbatively

u = ḡ2
GF(Lswi) fixed

ḡ2
SF(Lswi) = lim

a→0
Ψ(u, a/L)

or vice versa

6 step scaling with SF coupling

7 connect ḡ2
SF to PT at high energies

P. Fritzsch CU, NYC, June 2014 6



Combine SF and GF running couplings

1 10 100 1000

1

2

3

4

5

6

µ/Λ

g2

point 6 + 7 to be finished soon

preliminary results follow

1 physical scale Lmax from LV (CLS) runs
[TLI LW gauge action + Wilson fermions]

ḡ2
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GF non-perturbatively

u = ḡ2
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ḡ2
GF(Lmax) = umax ⇔ Lmax

2 step scaling Lmax → Lmax/2→ . . .

ḡ2
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SF & ḡ2
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ḡ2
GF′ (Lmax/4)

3 step scaling Lmax/4→ Lmax/8→ . . .

4 switch scheme at scale Lswi

5 match ḡ2
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6 step scaling with SF coupling

7 connect ḡ2
SF to PT at high energies
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Nf = 3 degenerate flavours of massless quarks
Tuning

tune to vanishing mass Lm = 0 ⇔ ’critical’ quark mass m0 = mc
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60 simulations ∀L/a (6 ≤ β ≤ 9, |Lm| < 0.005)

⇓

 smooth function ∀ g2
0 ≤ 1

amc(g
2
0 , a/L) = [amc(g

2
0 , a/L)]2-lp + k1(a/L) · g6

0

+ k2(a/L) · g8
0 + k3(a/L) · g10

0

⇓

|Lmc| < 0.001

additional uncertainty from LCP tuning negligible
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Step-scaling function for ḡ2SF
preliminary

Fix ḡ2
SF(Lk) = uk

1.1 ≤ uk ≤ 2

equidistant in 1/ḡ2
SF

L/a = 4, 6, 8, 10, 12

and simulate at 2L/a

⇓

Σ(uk, a/L)
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Step-scaling function for ḡ2SF
preliminary

L→ 2L:

σ(u) = lim
a→0

Σ(2)(u, a/L)

ignore 2L/a = 8 data

2L/a = 20 still missing

PT improvement: Σ→ Σ(2)

CL: linear fit to
2L/a = 12, 16, 24 data

global & local fit ansatz compatible

local continuum limit extrapolations:

(a/L)
2

σ
(u

)

u = 1.108910

u = 1.184460

u = 1.265690

u = 1.362700

u = 1.480800

u = 1.617300

u = 1.794300

u = 2.012000

0 0.02 0.04 0.06 0.08

1.2

1.4

1.6

1.8

2

2.2

2.4
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Step-scaling function for ḡ2SF
preliminary

continuum step-scaling function σ(u):

data: σ(uk)±∆σ(uk)

fit ansatz

σ(u) = u+ s0u
2 + s1u

3

+ sfit
2 u4 + sfit

3 u5

s0, s1 fixed (scheme indep.)

fitted parameters sfit
2 , sfit

3

+ cov(sfit
i , s

fit
j )

u

[σ
(u

)−
u
] 
/ 
u

 

 

1.2 1.4 1.6 1.8 2

0.08

0.1

0.12

0.14

0.16

0.18

0.2

0.22
data

1 loop

2 loop

3 loop
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Summary

need improvement of present knowledge over αs(µ)↔ Λ

systematic uncertainties well under control using
lattice simulations + finite-size scaling + physical running couplings

PT invoked at very high energies only & 100 GeV

hadronic scale set through large volume simulations

in general

there are particular (dis-)advantages for each running coupling scheme

• GF-coupling: advantageous to reach even larger physical volumes
• SF-coupling: advantageous for running in small volumes (femto universe)

new, combined strategy employs both ḡ2
SF and ḡ2

GF in order to

• increase accuracy in Λ-parameter
• increase range of couplings covered & controlled by finite-size scaling
• be cost efficient

high-energy running of ḡ2
SF(L) in good shape

exact definition of ḡ2
GF(L) still to be fixed

we are in a good position to achieve our goal: ∆Λ/Λ . 5% ↔ ∆α/α . 1%

P. Fritzsch CU, NYC, June 2014 11


